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ABSTRACT
We propose an experimental scheme to determine the spin-transfer torque efficiency excited by the spin-orbit
interaction in ferromagnetic bilayers from the measurement of the longitudinal magnetoresistace. Solving a diffu-
sive spin-transport theory with appropriate boundary conditions gives an analytical formula of the longitudinal
charge current density. The longitudinal charge current has a term that is proportional to the square of the
spin-transfer torque efficiency and that also depends on the ratio of the film thickness to the spin diffusion length
of the ferromagnet. Extracting this contribution from measurements of the longitudinal resistivity as a function
of the thickness can give the spin-transfer torque efficiency.
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1. INTRODUCTION
Spin-dependent electron transport in nanostructured ferromagnetic/nonmagnetic multilayers shows interesting
phenomena such as magnetoresistance effects and spin-transfer torque excitation.1–15 Many of these phenomena
are well described by diffusive spin transport theory together with with spin-dependent interface scattering
theory.16, 17 Early investigations focused on longitudinal transport, i.e., the transport along the direction of
an external electric field. Recent efforts have focused on the transverse transport, particularly the spin Hall
effect. The spin Hall effect18, 19 in nonmagnetic heavy metals originates when the spin-orbit interaction scatters
the spin-up and spin-down electrons in opposite directions, generating pure spin currents in the transverse
direction. These spin currents excite spin-transfer torques in the attached ferromagnetic layers20–28 or provide
magnetoresistance effects in both longitudinal and transverse directions.29–35
The spin-orbit interaction in ferromagnets also generates spin currents through the anomalous Hall effect and
the anisotropic magnetoresistance.36, 37 While the spin polarizations of the spin currents in nonmagnets due to
the spin Hall effect are geometrically fixed, the spin polarizations in ferromagnets are set by the magnetization
direction because the large exchange interaction in the ferromagnet results in dephasing of any transverse spins.
This dependence allows for manipulation of the spin polarization by controlling the direction of the magnetization.
Therefore, a wide variety of magnetization dynamics can be excited by spin-transfer torques generated by spin-
orbit interactions in ferromagnets.38 A key quantity in these magnetization dynamics is the efficiency of the spin-
transfer torque, which depends on the spin polarizations of the ferromagnet and the transverse conductivity. In
this paper, we propose an experimental scheme to determine this efficiency from measurements of the longitudinal
magnetoresistance.
2. SPIN TRANSPORT THEORY IN DIFFUSIVE FERROMAGNETS
In this section, we give the definition of the charge and spin currents in ferromagnets that show the anomalous Hall
effect and anisotropic magnetoresistance. Then, we use these to propose an experimental scheme to determine
the spin-transfer torque efficiency due to the anomalous Hall effect by measuring the longitudinal resistivity as
a function of film thickness.
2.1 Definition of spin-dependent current
The charge and spin currents in ferromagnets are combinations of the current carried by the spin-up (↑) and
spin-down (↓) electrons. In the presence of the anomalous Hall effect and anisotropic magnetoresistance, the
current densities of the spin-s (s =↑, ↓) electrons are given by38
j↑ =
(1 + β)σ
2e
∇µ↑ +
(1 + ζ)σAH
2e
m×∇µ↑ +
(1 + η)σAMR
2e
m (m ·∇µ↑) , (1)
j↓ =
(1− β)σ
2e
∇µ↓ +
(1− ζ)σAH
2e
m×∇µ↓ +
(1 − η)σAMR
2e
m (m ·∇µ↓) , (2)
where σ, σAH, and σAMR are the longitudinal conductivity and the conductivities due to the anomalous Hall
effect and the anisotropic magnetoresistance, respectively, and β, ζ, and η are the spin polarizations of the
respective currents. The electron charge is −e. The electrochemical potential of the spin-s electrons is denoted
as µs. The unit vector pointing in the direction of the magnetization is m. The total electric current density
j = j↑ + j↓ is
j =
σ
e
∇µ¯+
βσ
e
∇δµ+
σAH
e
m ×∇µ¯+
ζσAH
e
m×∇δµ+
σAMR
e
∇m (m ·∇µ¯) +
ησAMR
e
m (m ·∇δµ) , (3)
where we define µ¯ = (µ↑ + µ↓)/2 and δµ = (µ↑ − µ↓)/2. The tensor spin current density is the outer product of
the spin polarization and the current direction, i.e., Q = −[~/(2e)]m⊗ (j↑ − j↓), where j↑ − j↓ is
j↑ − j↓ =
σ
e
∇δµ+
βσ
e
∇µ¯+
σAH
e
m×∇δµ+
ζσAH
e
m×∇µ¯+
σAMR
e
∇m (m ·∇δµ) +
ησAMR
e
m (m ·∇µ¯) .
(4)
Here, we assume that the spin polarization of the spin current in the ferromagnet is parallel to the magnetization
because the large exchange coupling between the spin current and the magnetization results in fast dephasing of
any transverse spins.8, 12, 16, 39–42
2.2 Determination of spin-transfer torque efficiency by measuring longitudinal
magnetoresistance
In trilayer structures with two ferromagnetic layers separated by a non-magnetic spacer layer, which breaks the
direct exchange between the ferromagnets, currents flowing in the plane of the structure generate spin currents
perpendicular to the film plane through the the anomalous Hall effect and the anisotropic magnetoresistance.
Some of the spin currents generated in each layer cross the spacer layer, thereby injecting a spin current into
the other layer and exciting spin-transfer torques. Here, for simplicity, we focus on the anomalous Hall effect
alone. As discussed in Sec. III of our previous work,38 the magnitude of the spin-transfer torque, T, on the
magnetization of one layer excited by the anomalous Hall effect in the other layer is
|T| ∝ (β − ζ)
σAH
σ
. (5)
Therefore, it is important to estimate this factor in real materials for accurate prediction of spin-transfer torques.
For convenience, we refer to (β − ζ)(σAH/σ) as the spin-transfer torque efficiency, as it plays a role similar to
the spin Hall angle in nonmagnets.
In this section, we briefly discuss an experimental scheme to estimate the spin-transfer torque efficiency.
The basic idea of the present proposal is similar to the spin Hall magnetoresistance,33 where an applied charge
current generates a spin current by the spin Hall effect, and the spin current is converted to an additional electric
current by the inverse spin Hall effect. As a result, an extra longitudinal resistivity appears, which depends on
the ratio between the thickness and the spin diffusion length of a nonmagnet. Similarly, in a ferromagnetic layer,
an extra resistivity due to the conversion between the charge and spin currents appears due to the anomalous
Hall effect. Figure 1(a) schematically shows the system under consideration. Let us consider the electron flow
in a ferromagnet, where an external electric field Ex is applied along the x-direction, and thus, ∂x(µ¯/e) = Ex.
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Figure 1. (a) A schematic view of the system under consideration. An external electric field Ex generates a spin current
Q flowing in the z-direction, and the spin current is converted to a charge current j′
x
. (b) The longitudinal resistivity
ρlong normalized by the resistivity ρ as a function of the thickness of the ferromagnet d.
We assume translational symmetry along the y-direction, and therefore, the spin accumulation spatially varies
only along the z-direction. The spin current Q is generated along the z-direction by the anomalous Hall effect,
which creates a spin accumulation δµ. This spin current is again converted to a charge current flowing in the
x-direction, as discussed below.
To calculate the longitudinal resistivity in a ferromagnet, we start with the charge current density along the
z-direction obtained from Eq. (3) given by
jz =
σ
e
∂zµ¯− σAHExmy +
βσ
e
∂zδµ. (6)
We apply the open circuit boundary conditions along the z-direction, i.e., jz = 0 and ∂z(µ¯+βδµ) = [(σAHmy)/σ]eEx.
Then, we find that µ¯ and δµ are related as
µ¯ = −βδµ+ eExx+
σAHmy
σ
eExz. (7)
Using this equation, the charge current density along the x-direction obtained from Eq. (3) becomes
jx = σ
[
1 +
(σAHmy
σ
)2]
Ex −
(β − ζ)σAHmy
e
(∂zδµ) . (8)
The term σEx is the conventional longitudinal charge current density, whereas σ(σAHmy/σ)
2Ex originates from
the internal electric field, (σAHmy/σ)Ex, due to the open circuit boundary conditions and the anomalous Hall
effect. On the other hand, the last term proportional to ∂zδµ arises from the conversion of the spin current,
and depends on the spin-transfer torque efficiency. We emphasize that this last term depends on the thickness
of the ferromagnet along the z-direction, whereas the other terms in Eq. (8) are independent of the thickness.
Therefore, we expect that the spin-transfer torque efficiency can be estimated from the dependence of the charge
current density along the x-direction on the ferromagnetic thickness. We confirm this idea by the following
calculation. To simplify the notation, we denote the last term of Eq. (8) as j′x,
j′x = −
(β − ζ)σAHmy
e
(∂zδµ) . (9)
The spin accumulation δµ obeys the diffusion equation given by7
d2δµ
dz2
=
δµ
ℓ2
, (10)
where ℓ is the spin diffusion length. Applying open circuit boundary conditions to the spin current along the
z-direction, the solution of Eq. (10) is
δµ =
(β − ζ)eℓσAHmyEx
(1− β2)σ sinh(d/ℓ)
[
cosh
(
z − d
ℓ
)
− cosh
(z
ℓ
)]
, (11)
where d is the thickness of the ferromagnet along the z-direction, and we assume that the ferromagnet lies
between 0 ≤ z ≤ d. Substituting Eq. (11) into Eq. (9), the averaged charge current density is given by
〈j′x〉 ≡
1
d
∫ d
0
j′xdz
= −
(β − ζ)σAHmy
ed
[δµ(z = d)− δµ(z = 0)]
=
2[(β − ζ)σAHmy]
2Exℓ
(1− β2)σd
tanh
(
d
2ℓ
)
.
(12)
Thus, the total current density given by Eq. (8) becomes
jx = σ
{
1 +
(σAH
σ
my
)2
+
2ℓ
(1− β2)d
[
(β − ζ)σAH
σ
]2
m2y tanh
(
d
2ℓ
)}
Ex. (13)
Defining the longitudinal resistivity ρlong as ρlong = (jx/Ex)
−1, we find that
ρlong
ρ
≃ 1−
(σAH
σ
my
)2
−
2ℓ
(1− β2)d
[
(β − ζ)σAH
σ
]2
m2y tanh
(
d
2ℓ
)
, (14)
where ρ = 1/σ. Figure 1(b) shows an example of Eq. (14), where the values of the parameters are σAH/σ = 0.015,
β = 0.40, ζ = 1.5, and ℓ = 5 nm,38, 43 and my is set to be |my| = 1. As mentioned above, only the last term
depends on the thickness of the ferromagnet d, therefore, this term can be isolated by measuring the dependence
of the longitudinal resistivity on the thickness. We emphasize that this contribution is proportional to the square
of the spin-transfer torque efficiency (β − ζ)σAH/σ. Thus, the measurement of the longitudinal resistivity can
be used to determine the spin-transfer torque efficiency.
There is a large complication to this approach to measuring the spin torque efficiency in ferromagnets.
Eq. (14) gives three contributions: one that is independent of thickness and magnetization direction, one that is
independent of thickness but dependent on the magnetization direction, and the contribution of interest, which
depends on both thickness and magnetization direction. Unfortunately, there is an additional contribution that
depends on the thickness. This additional contribution arises from effects that are not captured in the diffusive
approach used here.
While the diffusive transport theory developed here works well for many aspects of spin transport, it does not
capture all of the important physics particularly for in-plane transport in thin films. One such effect, originally
described by Fuchs44 and Sondheimer,45 is the extra resistance in thin films due to boundary scattering. Such
resistance effects are captured by approaches like the Boltzmann equation.46 Another effect, is the inability of
diffusive transport theories ito describe current-in-plane giant magnetoresistance (CIP-GMR), which can also be
treated with a Boltzmann equation approach.3, 4 Both of these effects occur on length scales set by the mean
free path rather than the spin diffusion length. The diffusive approach used here neglects all such effects. Thus,
the boundary scattering described by Fuchs and Sondheimer gives rise to thickness dependences with a similar
form as those described here, but varying with the mean free path rather than the the spin diffusion length.
In ferromagnets the situation is further complicated but the fact that there are different mean free paths for
majority and minority electrons. The mean free paths of typical ferromagnets, such as Fe, Co, Ni, and their
alloys, are on the order of 0.1 nm to 1 nm,47 whereas the spin diffusion lengths of these ferromagnets are on the
order of 1 nm to 10 nm;15 for example, the spin-dependent mean free paths of the majority and minority spins
are 5.5 nm and 0.6 nm for Co, 1.5 nm and 2.1 nm for Fe, and 4.6 nm and 0.6 nm for Ni80Fe20, respectively,
whereas the spin diffusion lengths are 40 nm for Co, 8.5 nm for Fe, and 5.5 nm for Ni80Fe20, respectively.
In the absence of spin-orbit scattering localized to the interface, we expect the boundary scattering contribu-
tions to be independent of the magnetization direction, making it possible, in principle, to separate them from
the contribution of interest. In that case, determining the spin torque efficiency requires measuring the thickness
dependence accurately enough to separate the magnetization independent contribution due to boundary scatter-
ing from the magnetoresitive contribution due to the anomalous Hall effect. This procedure would be easiest in
ferromagnets with a large separation between the spin diffusion length and the mean free paths or in films with
interfaces that give almost purely specular scattering.
3. CONCLUSION
In conclusion, we propose an experimental scheme to determine the spin-transfer torque efficiency excited by
the spin-orbit interaction in ferromagnets. We derived the analytical formula of the longitudinal charge current
density by solving the diffusion equation of the spin accumulation with appropriate boundary conditions, and
found that the longitudinal current has a term proportional to the square of the spin-transfer torque efficiency.
This term depends on the ratio of the thickness and the spin diffusion length of the ferromagnet. Therefore, the
spin-transfer torque efficiency can be evaluated by measuring the dependence of the longitudinal resistivity on the
ferromagnetic thickness provided these effects can be separated from thickness dependent boundary scattering
contributions.
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